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Abstract: We study chiral operators in four-dimensional N = 2 supersymmetric gauge
theories. We provide a general procedure to derive the exact relations among the vacuum
expectation values of chiral operators in the Ω-background using the non-perturbative
Dyson-Schwinger equations of qq-characters. We demonstrate our procedure using several
examples. For pure SU(N) gauge theory and SU(N) gauge theory with 2N fundamental
hypermultiplets, we verify the relations conjectured previously in the literature. We also
briefly discuss the relations in SU(N) linear superconformal quiver gauge theories.
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1 Introduction
Ever since the pioneering work of Seiberg and Witten [1, 2], four-dimensional N = 2
supersymmetric gauge theories have been repeatedly investigated from various viewpoints.
Both the low energy effective prepotential FSW and the correlation functions of N = 2
chiral operators can be determined in terms of period integrals of the Seiberg-Witten
meromorphic differential λ on the Seiberg-Witten curve Σ.
In order to provide a rigorous derivation of the Seiberg-Witten solution, it is useful to
put the theory in the Ω-background [3, 4], which effectively regularizes the infinite volume
of the spacetime R4 while preserving a part of the deformed supersymmetry. The partition
function Z in the Ω-background can be computed exactly using the localization technique
for a large class of traditional Lagrangian theories constructed using the vector multiplet
with gauge group G and the hypermultiplet in the representation R of G. The result can
be written as a statistical sum over a collection of Young diagrams ~λ labeling the special
instanton configurations [4],
Z (~a, ~m, q; ε1, ε2) =
∑
~λ
µ~λ, (1.1)
where ~a, ~m, q, (ε1, ε2) are the Coulomb branch parameters, the masses of the hypermulti-
plets, the instanton counting parameter, and the Ω-deformation parameters, respectively.
The measure factor µ~λ contains the classical, the one-loop and the instanton contributions
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from both the vector multiplet and the hypermultiplet. In the refined genus expansion of
the partition function around the flat space limit ε1, ε2 → 0,
logZ = −
∞∑
g,n=0
(ε1ε2)
g−1 (ε1 + ε2)
nF(g,n2 )
, (1.2)
the leading term F(0,0) coincides with the low energy effective prepotential F of the theory
on R4. Hence we can derive the Seiberg-Witten geometry directly for a large class of N = 2
theories [5–9]. The higher order terms in the expansion (1.2) compute the couplings of the
theory to the background gravitational field [4, 5], and are naturally linked with topological
strings on non-compact Calabi-Yau threefolds.
Another interesting relation between the partition function in the Ω-background and
the disconnected partition function of A-model topological strings on two-dimensional Rie-
mann surfaces was discovered in [10] and later generalized in [11–13]. The higher Casimir
operators in the gauge theory are mapped to gravitational descendants of the Kahler form
in the topological string theory.
It was conjectured in [4, 10] that the partition function in the Ω-background should
be related to certain two-dimensional conformal field theories or deformations thereof. A
concrete realization of this conjecture was found between the four-dimensional N = 2
theory constructed by compactifying the six-dimensional (2, 0) theories on a punctured
Riemann surface C [14, 15] and two-dimensional Liouville/Toda theories living on C [16, 17].
Meanwhile, if we take the limit ε1 → 0 and keep ε2 = ~ fixed so that the Ω-background
preserves two-dimensional N = 2 super-Poincare invariance, we get a quantization of the
classical algebraic integrable systems underlying the four-dimensional N = 2 theories [18–
20].
Therefore, we have sufficient reasons to carefully explore all the consequences of the
generic Ω-background. In this paper, we focus on the N = 2 chiral ring, which is believed
to be freely generated on R4. Hence, we can choose a finite-dimensional basis of chiral oper-
ators such that any element of the chiral ring can be represented uniquely as a polynomial
in the basis element. The number of generators of the chiral ring is the complex dimension
of the Coulomb branch, and the polynomial equations representing generic chiral operators
in terms of the chosen basis elements are called chiral ring relations. For simple Lagrangian
theories on R4, the chiral ring relations were derived in [21, 22]. It is interesting to ask
what happens when we introduce the Ω-deformation. The vacuum expectation value of a
chiral operator O in the Ω-background is given by [10, 11]
〈O〉 =
1
Z
∑
~Y
µ~λO~λ, (1.3)
where O~λ is the value of O evaluated at
~λ, and the vacuum expectation value of O on R4
is given by
〈O〉
R4
= lim
ε1,ε2→0
〈O〉 . (1.4)
For simplicity, we adopt the terminology used in [23, 24], and refer to the equations repre-
senting the vacuum expectation values of generic chiral operators in terms of the vacuum
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expectation values of the chosen basis elements as chiral trace relations. On R4, the chiral
trace relations contain the same amount of information as the chiral ring relations due
to the property of the cluster decomposition (see (2.2). However, they are not equiva-
lent once we introduce the Ω-deformation, since the Ω-background breaks the translational
symmetry of R4. A priori it is not guaranteed that chiral trace relations exist in the
general Ω-background. Even if they exist, they need not to be polynomial equations. Re-
gardless, the chiral operators are conjectured to be mapped to the integrals of motion in
two-dimensional conformal field theories [16, 25, 26]. From the considerations in the con-
formal field theory, we expect such chiral trace relations in the Ω-background still exist.
Indeed, several groups recently computed the vacuum expectation values of chiral operators
in the Ω-background for some simple gauge theories, and conjectured the chiral trace rela-
tions in the Ω-background based on the explicit series expansion in q [23, 24, 27, 28]. The
problem is that neither the brute force method nor the analysis based on two-dimensional
conformal field theory can be easily generalized to gauge theories with higher gauge group
rank or general matter content.
The purpose of this note is to provide a more systematic field theoretical derivation
of the chiral trace relations in the Ω-background. We will show that the non-perturbative
Dyson-Schwinger equations, which follow from the regularity of the vacuum expectation
values of qq-characters [29], give a simple framework for investigating the chiral trace
relations. Our approach can be regarded as the natural counterpart of the derivation of the
classical chiral ring relations on R4. We will work out the details in the pure SU(N) gauge
theory and the SU(N) gauge theory with 2N fundamental hypermultiplets to illustrate our
strategy, and then generalize to the linear SU(N) superconformal quiver gauge theories.
We find that the chiral trace relations in the Ω-background can modify dramatically the
relations on R4. Similar strategy was also used in the derivation of the BPZ equations from
the point of view of four-dimensional N = 2 supersymmetric gauge theories [30, 31].
It is possible to generalize our approach to other N = 2 theories if their qq-characters
are known. For example, it is a good exercise to derive the chiral trace relations in the
Ω-background for the N = 2∗ theory, and check the conjectures made in [23, 24, 28].
It is also interesting to introduce half-BPS surface defects. There are several different
approaches to introduce surface operators in the Ω-background [32], and we will show that
we can derive the Ω-deformed chiral ring relations in all these approaches in a subsequent
paper. Some of the cases have already been studied in [33] in the context of their relation
to the symplectic geometry of the moduli space of flat connections on a Riemann surface.
Also, it was discovered in [34] that the surface defect partition functions split into parts
at special loci of the moduli space, accounting for the splitting of degenerate levels in the
corresponding quantum integrable system. It would be interesting to study how the chiral
trace relations are affected at those loci. In [35], the gauge theory partition functions were
reconstructed in terms of representations of the quantum toroidal algebra of gl(1). The
reconstruction was further extended to the surface defect partition functions in [36], with
a proper generalization of the relevant quantum algebra. It would be nice to investigate
the algebraic meaning of the chiral trace relations discussed in this note in this algebraic
engineering context. Another interesting problem is to consider the qq-characters when we
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put the theory on compact spaces such as (squashed) four-spheres [37, 38].
The rest of the paper is organized as follows. In section 2, we outline our general
strategy to derive the chiral trace relations in the Ω-background. In section 3, we show
explicitly how to obtain the chiral trace relations in the Ω-background in the pure SU(N)
gauge theory and the SU(N) gauge theory with 2N fundamental hypermultiplets. In
section 4, we generalize our discussion to the linear SU(N) superconformal quiver gauge
theories.
2 General strategy
2.1 Chiral ring relations on R4
In four-dimensionalN = 2 supersymmetric gauge theories, a chiral operator O(x) is defined
to be a gauge-invariant local operator annihilated by the action of all supercharges Q¯α˙A of
one chirality, [
Q¯α˙A,O (x)
]
= 0. (2.1)
Given such an operator, one can always generate its superpartners by acting on it with
the QαA. It follows immediately from the N = 2 supersymmetry algebra on R
4 and the
Jacobi identity that a product of chiral operators is still chiral, and its vacuum expectation
value is totally independent of their spacetime position. Then one can take the limit of
large separation and apply cluster decomposition to factorize correlation functions of chiral
operators,
〈O1 (x1)O2 (x2) · · · On (xn)〉 = 〈O1〉 〈O2〉 · · · 〈On〉 , (2.2)
where we no longer need to specify the positions.
Since Q¯α˙A-exact objects decouple in the vacuum expectation values, we can define an
equivalence relation between two chiral operators O1 (x1) and O2 (x2) if there exist a gauge
invariant operator X such that
O1 (x1) = O2 (x2) +
[
Q¯α˙A,X
}
. (2.3)
The set of equivalence classes of chiral operators forms a commutative ring, known as the
chiral ring [21]. We refer to the generators of the chiral ring as basis chiral operators, whose
number is the complex dimension of the Coulomb branch. Any element of the chiral ring
should be represented uniquely in terms of the basis element. We call the set of all such
expressions the chiral ring relations. The chiral ring is completely specified by the set of
basis chiral operators and the chiral ring relations.
At the classical level, the chiral ring relations follow from group theoretical identities.
For example, we consider the SU(N) gauge theory with arbitrary matter. Let Φ be the
adjoint scalar field in the vector multiplet. The basis chiral operators are given by
On =
1
n
TrΦn, n = 2, · · · , N, (2.4)
whose vacuum expectation values parametrize the Coulomb branch of moduli space of
vacua. Since Φ is a traceless N × N matrix, we can solve the Coulomb moduli ~a =
– 4 –
(a1, · · · , aN ) in terms of On, (n = 2, · · · , N). Any other chiral operator can be expressed
in terms of ~a,
On1,n2,··· ,nℓ =
ℓ∏
i=1
(
1
ni
TrΦni
)
=
ℓ∏
i=1
(
1
ni
N∑
α=1
aniα
)
, (2.5)
and we can get the classical chiral ring relations by substituting ~a by On, (n = 2, · · · , N).
An more elegant derivation of the classical chiral ring relation can be given by expand-
ing the characteristic polynomial of Φ,
det (x− Φ) = xN expTr log
(
1−
Φ
x
)
= xN exp
(
−
∞∑
n=1
1
nxn
TrΦn
)
= xN − xN−2O2 − x
N−3O3 − x
N−4
(
O4 −
1
2
O2,2
)
+ · · · . (2.6)
Since the left-hand side is classically equal to the polynomial
∏N
α=1 (x− aα), all the coeffi-
cients of negative powers of x in the series expansion must vanish. In this way, we directly
obtain the classical chiral ring relations. Notice that the classical chiral ring relations are
independent of details of the hypermultiplets. Quantum mechanically, we have the same set
of generators of chiral operators, but instanton effects introduce important modifications
of the chiral ring relations.
2.2 Chiral trace relations in the Ω-background
Since the Ω-background breaks the translational symmetry of R4, we can no longer use
the position-independence and the cluster decomposition to reduce multi-trace operators
to single chiral operators. Consequently, we cannot avoid multi-trace operators in our
discussion.
A brute force way to derive the chiral trace relations in the Ω-background is as follows.
One first computes the vacuum expectation values of chiral operators up to certain high
order in (1.3). Then the Coulomb moduli ~a = (a1, · · · , aN ) can be solved in terms of
On, (n = 2, · · · , N), with coefficients involving the masses ~m, the instanton counting pa-
rameter q and the Ω-deformation parameters (ε1, ε2). Substituting back to the expressions
for other chiral operators, we may then guess the chiral trace relations in the Ω-background.
In practice, this computation can be extremely tedious, and we should look for a better
approach.
Inspires by the derivation of the classical chiral ring relations using the characteristic
polynomial of Φ, we consider the Y-observable [29],
Y(x) = xN exp
(
−
∞∑
n=1
1
nxn
Tr (Φ|0)
n
)
, (2.7)
which is the natural counterpart of the characteristic polynomial of Φ. Here we assume
that the gauge group is U(N) or SU(N), and Φ|0 means that we evaluate Φ at the origin
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0 ∈ R4, which is the fixed point of the SO(4) rotation symmetry of R4. At the classical
level, Y(x) reduces to det (x− Φ). At the instanton configuration ~λ, Y(x) has singularities
in x,
Y(x)~λ =
N∏
α=1

(x− aα) ∏
∈λ(α)
(x− aα − c − ε1) (x− aα − c − ε2)
(x− aα − c) (x− aα − c − ε)


=
N∏
α=1
∏
⊞∈∂+λ(α)
(x− aα − c⊞)∏
⊟∈∂−λ(α)
(x− aα − c⊟ − ε)
, (2.8)
where ε = ε1 + ε2, the content function
c=(i,j) = ε1(i− 1) + ε2(j − 1), (2.9)
and ∂±λ
(α) are boxes that can be added to or removed from λ(α) while keeping the resulting
configuration a well-defined Young diagram.
It is remarkable that the all-instanton information in the Ω-background can be encoded
in a systems of non-perturbative Dyson-Schwinger equations [29],
〈X (Y(x+ · · · ))〉 = T(x), (2.10)
where the composite operators X(x) are called qq-characters, and T(x) is a polynomial in
x. For example, the fundamental qq-character takes the general form
X(x) = Y(x) + · · · , (2.11)
where terms in · · · cancel the poles of Y(x) in the vacuum expectation value. In the weak
coupling limit q→ 0, X(x)→ Y(x). Although the Y-observable only depends on the vector
multiplet, the qq-characters contain the information of the hypermultiplet. Now we can
follow the same logic of the derivation of the classical chiral ring relations on R4 to directly
obtain the exact chiral trace relations in the Ω-background by expanding X(x) around
x = ∞ and requiring the vacuum expectation values of x−n coefficients X(−n) to be zero
for all n ∈ Z+, 〈
X(−n)
〉
= 0. (2.12)
3 Basic examples of SU(N) gauge theories
In this section, we illustrate our general strategy using two examples, the pure SU(N)
gauge theory, and the SU(N) gauge theory with 2N fundamental hypermultiplets.
3.1 Pure SU(N) theory
3.1.1 Partition function and qq-characters
The partition function of the pure SU(N) gauge theory in the Ω-background depends on the
instanton counting parameter q = Λ2N , the Coulomb branch parameter ~a = (a1, · · · , aN )
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and the Ω-deformation parameters ε1, ε2. It is convenient to introduce the conversion
operator ǫ, which maps characters into weights,
ǫ
{∑
i
nie
βwi
}
=
∏
i
wnii . (3.1)
We also define the dual operator ∨,(∑
i
nie
βwi
)∨
=
∑
i
nie
−βwi . (3.2)
Applying the supersymmetric localization, the partition function in the Ω-background is
given by the sum over a collection of N Young diagrams ~λ =
(
λ(1), · · · , λ(N)
)
[4, 20, 29],
Z (~a, q; ε1, ε2)
=
∑
~λ
q
− 1
ε1ε2
ch2(E~λ)ǫ
[
E~λE
∨
~λ
(1− e−βε1) (1− e−βε2)
]
. (3.3)
Here E~λ is the equivariant Chern character of the universal bundle evaluated at the fixed
point ~λ,
E~λ =
N∑
α=1
eβaα

1− (1− eβε1)(1− eβε2) ∑
∈λ(α)
eβc

 . (3.4)
The second Chern character
ch2
(
E~λ
)
=
1
2
(
TrΦ2
)
~λ
=
1
2
N∑
α=1
a2α − ε1ε2
∣∣∣~λ∣∣∣ , (3.5)
where
∣∣∣~λ∣∣∣ is the total number of boxes in the N Young diagrams ~λ.
We denote
un1,n2,··· ,nℓ = 〈On1,n2,··· ,nℓ〉 . (3.6)
It is useful to notice from the structure of the partition function that
〈On2O〉 =
1
Z
(
−ε1ε2q
d
dq
)n (
〈O〉Z
)
=
(
u2 − ε1ε2q
d
dq
)n
〈O〉 . (3.7)
In particular, we have
u2,2 = u
2
2 − ε1ε2u
′
2,
u2,2,2 = u
3
2 − 3ε1ε2u
′
2u2 + ε
2
1ε
2
2u
′′
2 , (3.8)
where we denote
u′n = q
d
dq
un, u
′′
n =
(
q
d
dq
)2
un. (3.9)
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In order to find the qq-character of the theory, we compute the ratio of the measure
factors µ~λ and µ~λ′ where
~λ′ is obtained from ~λ by adding a box  ∈ ∂+λ
(α) for some
α = 1, · · · , N ,
µ~λ′
µ~λ
= q|
~λ′|−|~λ|ǫ
[
E~λ′E
∨
~λ′
− E~λE
∨
~λ
(1− e−βε1) (1− e−βε2)
]
= (−1)N−1q
ε
ε1ε2
1
Y (aα + c + ε)~λ Y
′ (aα + c)~λ
. (3.10)
On the other hand, we have the identity
Resx=aα+cY (x+ ε)~λ′ =
ε1ε2
ε
Y (aα + c + ε)~λ . (3.11)
We therefore obtain the fundamental qq-character of the theory
X(x) = Y(x+ ε) + (−1)NqY(x)−1. (3.12)
All the potential poles of X(x) are at x = aα + ε1(i − 1) + ε2(j − 1), but the residues
vanish in the vacuum expectation value due to pairwise cancellations. Therefore, 〈X(x)〉 is
a polynomial in x.
3.1.2 Chiral trace relations
In the following, we shall write down explicitly the chiral trace relations in the Ω-background
resulting from
〈
X(−1)
〉
=
〈
X(−2)
〉
=
〈
X(−3)
〉
= 0 for the gauge group SU(2) and SU(3).
The generalizations to higher orders or higher gauge groups are straightforward.
For the SU(2) theory, we have
X(−1) = −O3,
X(−2) = −O4 +
1
2
O2,2 + q+ εO3,
X(−3) = −O5 +O2,3 + 2ε
(
O4 −
1
2
O2,2
)
− ε2O3. (3.13)
The non-perturbative Dyson-Schwinger equations
〈
X(−1)
〉
=
〈
X(−2)
〉
=
〈
X(−3)
〉
= 0 lead
to
u3 = 0,
u4 =
1
2
(
u22 − ε1ε2u
′
2
)
+ q,
u5 = 2εq. (3.14)
We see that the classical chiral ring relations are modified both by the instanton corrections
(charactered by q) and by the Ω-deformation (charactered by ε1, ε2). Our results provide
an easy proof of the prediction made in [23, 24] where they used the explicit localization
results. The unavoidable derivatives, which may seem peculiar in the original approach,
appear naturally in our approach.
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Repeating the same kind of computation in the case of SU(3), we find
X(−1) = −O4 +
1
2
O2,2,
X(−2) = −O5 +O2,3 + ε
(
O4 −
1
2
O2,2
)
,
X(−3) = −O6 +O2,4 +
1
2
O3,3 −
1
6
O2,2,2 − q
+2ε (O5 −O2,3)− ε
2
(
O4 −
1
2
O2,2
)
. (3.15)
The non-perturbative Dyson-Schwinger equations
〈
X(−1)
〉
=
〈
X(−2)
〉
=
〈
X(−3)
〉
= 0 lead
to
u4 =
1
2
(
u22 − ε1ε2u
′
2
)
,
u5 = u2u3 − ε1ε2u
′
3,
u6 =
1
3
(
u32 − 3ε1ε2u
′
2u2 + ε
2
1ε
2
2u
′′
2
)
u32 +
1
2
u3,3 − q. (3.16)
Notice that in the Ω-background, u3,3 cannot be expressed in terms of u2 and u3. Our
result matches the prediction made in [24] perfectly.
3.2 SU(N) theory with 2N fundamental hypermultiplets
3.2.1 Partition function and qq-characters
The partition function of the SU(N) gauge theory with 2N fundamental hypermultiplets
in the Ω-background is given by[4, 20, 29],
Z (~a, ~m, q; ε1, ε2)
=
∑
~λ
q
− 1
ε1ε2
ch2(E~Y )ǫ
[
E~λE
∨
~λ
−ME~λ
(1− e−βε1) (1− e−βε2)
]
, (3.17)
which depends on the Coulomb branch parameter ~a = (a1, · · · , aN ), the masses ~m =
(m1, · · · ,m2N ), the instanton counting parameter q = e
2πiτ with τ being the microscopic
complexified coupling constant, and the Ω-deformation parameters ε1, ε2. Here M encodes
the information of masses
M =
2N∑
f=1
eβmf . (3.18)
The qq-character of the theory can be obtained following the same procedure as in the
case of pure SU(N) gauge theory. The ratio of the measure factors µ~λ and µ~λ′ is
µ~λ′
µ~λ
= (−1)N−1q
ε
ε1ε2
P (aα + c)
Y (aα + c + ε)~λ Y
′ (aα + c)~λ
, (3.19)
where we define
P(x) =
2N∏
f=1
(x+mf ) = x
2N +
2N∑
n=1
x2N−nMn. (3.20)
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Therefore, the fundamental qq-character is
X(x) = Y(x+ ε) + (−1)NqP(x)Y(x)−1, (3.21)
and 〈X(x)〉 is a polynomial in x.
3.2.2 Chiral trace relations
Let us consider the gauge group SU(2). The first few terms of X(−n) are
X(−1) = − (1− q)O3 + qM1O2 + qM3,
X(−2) = − (1− q)O4 + (qM1 + ε)O3 +
1
2
(1 + q)O2,2
+qM2O2 + qM4,
X(−3) = − (1− q)O5 + (qM1 + 2ε)O4 + (1 + q)O2,3
+
(
qM2 − ε
2
)
O3 +
(
1
2
qM1 − ε
)
O2,2 + qM3O2. (3.22)
Because of the non-perturbative Dyson-Schwinger equations,
〈
X(−1)
〉
=
〈
X(−2)
〉
=
〈
X(−3)
〉
=
0, we have
u3 =
q
1− q
(M1u2 +M3) ,
u4 =
qM1 + ε
1− q
u3 +
1 + q
2 (1− q)
(
u22 − ε1ε2u
′
2
)
+
q
1− q
M2u2 +
q
1− q
M4
=
1 + q
2 (1− q)
(
u22 − ε1ε2u
′
2
)
+
(
q (qM1 + ε)M1
(1− q)2
+
qM2
1− q
)
u2
+
q (qM1 + ε)M3
(1− q)2
+
q
1− q
M4,
u5 =
qM1 + 2ε
1− q
u4 +
1 + q
1− q
(
u2u3 − ε1ε2u
′
3
)
+
qM2 − ε
2
1− q
u3 +
qM1 − 2ε
2 (1− q)
(
u22 − ε1ε2u
′
2
)
+
qM3
1− q
u2
=
q (M1 + 2ε)
(1− q)2
(
u22 − ε1ε2u
′
2
)
+
(
q (qM1 + ε) (qM1 + 2ε)M1
(1− q)3
+
q (qM1 + 2ε)M2
(1− q)2
+
qM3
1− q
)
u2
+
q2 (qM1 + ε) (qM1 + 2ε)M3
(1− q)3
+
q (qM1 + 2ε)
(1− q)2
M4
+
1 + q
1− q
(
u2u3 − ε1ε2u
′
3
)
+
qM2 − ε
2
1− q
u3. (3.23)
Our result confirms the results obtained in [27]. We see that the presence of the hypermul-
tiplet significantly modifies the chiral trace relations in the Ω-background.
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4 The linear quiver gauge theory
Let us briefly sketch how our method can be generalized to linear quiver gauge theories.
The gauge group of the theory is
G =
r∏
i=1
SU(N)i. (4.1)
For each SU(N)i factor, we have a vector multiplet transforming in the adjoint represen-
tation of SU(N)i. The matter content of the theory spits into N hypermultiplets in the
anti-fundamental representation of SU(N)1, one hypermultiplet in the bifundamental rep-
resentation of SU(N)i × SU(N)i+1 for i = 1, · · · , r− 1, and N fundamental representation
of SU(N)r. The action of the theory is parametrized by the instanton counting parameters
q =
{
qi = e
2πiτi , i = 1, · · · r
}
, (4.2)
where τi is the complexified gauge coupling for SU(N)i. It is convenient to extend the
gauge group
∏r
i=1 SU(N)i to
∏r+1
i=0 U(N)i if we set q0 = qr+1 = 0. All the masses are
formally viewed as Coulomb branch parameters, leading to the extended moduli space
with parameters
(ai,α)
N
α=1 , i = 0, · · · , r + 1. (4.3)
The physical Coulomb branch parameters are given by
ai,α = ai,α −
1
N
N∑
α=1
ai,α, i = 1, · · · , r. (4.4)
We introduce z0, z1, · · · , zr+1, such that z−1 =∞, zr+1 = 0, and
qi =
zi
zi−1
, i = 1, · · · , r. (4.5)
We can define Y-observables for i = 0 and i = r + 1 as
Y0(x) =
N∏
α=1
(x− a0,α) , Yr+1(x) =
N∏
α=1
(x− ar+1,α) . (4.6)
The fundamental qq-characters are given by [29]
Xℓ(x) =
Y0 (x+ ε (1− ℓ))
z0z1 · · · zℓ−1
∑
I⊂[0,r]
|I|=ℓ
∏
i∈I
[ziΞi (x+ ε (hI(i) + 1− ℓ))]
= Yℓ (x+ ε) + · · · , ℓ = 0, 1, · · · , r + 1, (4.7)
where [0, r] = {0, 1, 2, · · · , r}, the function hI(i) is the number of elements in the set I
which is less than i, and
Ξi(x) =
Yi+1(x+ ε)
Yi(x)
, i = 0, · · · , r. (4.8)
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In order to deal with all of the fundamental qq-characters at the same time, we introduce
the generating function
Gr(x; t) = ∆
−1
r Y0(x)
−1
r+1∑
ℓ=0
z0z1 · · · zℓ−1t
ℓXℓ (x− ε(1− ℓ))
= ∆−1r
∑
I⊂[0,r]
[(∏
i∈I
tzi
)∏
i∈I
Ξi (x+ εhI(i))
]
, (4.9)
where
∆r =
r∏
i=0
(1 + tzi) =
∑
I⊂[0,r]
(∏
i∈I
tzi
)
(4.10)
is a normalization factor. We can find a relation between Gr(x; t) and Gr−1(x; t) by clas-
sifying the set I ⊂ [0, r] depending on whether r ∈ I,
Gr(x; t) = ∆
−1
r
∑
I′⊂[0,r−1]
[(∏
i∈I′
tzi
)∏
i∈I′
Ξi (x+ εhI′(i))
]
+∆−1r tzr
∑
I′⊂[0,r−1]
[(∏
i∈I′
tzi
)
Ξr
(
x+ ε|I ′|
)∏
i∈I′
Ξi (x+ εhI′(i))
]
=
1
1 + tzr
Gr−1(x; t) +
tzr
1 + tzr
∆−1r−1Ξr
(
x+ εt
∂
∂t
)
(∆r−1Gr−1(x; t)) . (4.11)
The large x expansion of the function Ξi(x) is
Ξi(x) = exp
∞∑
n=1
(
O
(i)
n
xn
−
O
(i+1)
n
(x+ ε)n
)
=
∞∑
n=0
ζi,n
xn
, (4.12)
where
O(i)n =
1
n
TrΦni , i = 0, · · · , r + 1. (4.13)
The first few terms of ζi,n are
ζi,0 = 1
ζi,1 = O
(i)
1 −O
(i+1)
1 ,
ζi,2 = O
(i)
2 −O
(i+1)
2 + εO
(i+1)
1 +
1
2
(
O
(i)
1 −O
(i+1)
1
)2
,
ζi,3 = O
(i)
3 −O
(i+1)
3 +
(
O
(i)
1 −O
(i+1)
1
)(
O
(i)
2 −O
(i+1)
2
)
+
(
O
(i)
1 −O
(i+1)
1
)3
+ ε
(
O
(i)
1 −O
(i+1)
1
)
O
(i+1)
1
+2εO
(i+1)
2 − ε
2O
(i+1)
1 . (4.14)
We can then expand Gr(x; t) as
Gr(x; t) =
∞∑
n=0
G
(n)
r (t)
xn
, (4.15)
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and use (4.11) to compute the expansion coefficients G
(n)
r (t) recursively. The first few terms
are given by [31]
G(1)r = Ur[1],
G(2)r = Ur[2] + Ur[1, 1] − εUr[0, 1],
G(3)r = Ur[3] + Ur[2, 1] + Ur[1, 2] − ε (Ur[1, 1] + 2Ur[0, 2]) + ε
2Ur[0, 1]
+Ur[1, 1, 1] − ε (2Ur[0, 1, 1] + Ur[1, 0, 1]) + 2ε
2Ur[0, 0, 1], (4.16)
where Ur [s1, s2, · · · , sℓ] is defined for non-negative integers [s1, · · · , sℓ] as
Ur [s1, s2, · · · , sℓ] =
∑
0≤i1<···<iℓ≤r
ℓ∏
n=1
(
tzin
1 + tzin
ζin,sn
)
. (4.17)
The non-perturbative Dyson-Schwinger equations result in the relations
0 =
〈
(Y0(x)Gr(x; t))
(−n)
〉
=
N∑
n=0
Aj
〈
G(N+n−j)r (t)
〉
, n ∈ Z+, (4.18)
where
Y0(x) =
N∏
α=1
(x− a0,α) =
N∑
j=0
Ajx
N−j. (4.19)
After expressing G
(n)
r (t) entirely in terms of chiral operators using (4.14)(4.16)(4.17), we
finally derive the chiral trace relations in the Ω-background from (4.18).
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